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(S dom. S) ≤   (S∗ dom. S∗) §
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(S∗ dom. S∗) = O(ct) §
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(G) =
1/((t− 1)!)m §D?QPG_*zomo_*« v0 ZwDk m £rjrDkhA§
+eu ©x_^tw·wzomoumou rxt
(S,S) r [t] cu­mZ |S| = s ¡9£ _m u ¦N_(mZ\_kn]-w£ £ _^knmK_*£ _*]_^tDm u = vi ∈ S knsqﬃZ
mZw%m{moZ\_Kt\_«jm{©D_*zomo_«
v = vi+1 ∈ S u t-mZ\_twmos\zﬃw£rxzﬃl_*zut 1, 2, . . . , t §   u lrj_^kQt\rm{_*«lu knmQmoZ_*t
S = S∗ §
°²_ko.wx
u, v
mor-Du©D_¨mZ\_wzomoumou rxt
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lrD]7u twxtq_)\zrxN_*zom}ix¡ju _x§
G 6∈ {S ′ dom. S ′} ? G uvkcxrjrl·¦slmxrj_^k¦wxrxtLknw\utAQmoZ\_^zo_
uvkw~s\tuﬁTs\_¦wx xzﬃw\Z
H = H(G)
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H ∈ {S ′ dom. S ′} A¤§ YZjsk(moZ_"ko_mrKxrjrl xzﬃw\Zk(uvk7r¨t\rDtl¥Øl_^q*zo_pwxkout\Vknu *_ ?Çwxt Z\_^tq_
zorD¦w¦\u £ u­m}i4ABrxt"knw\ut§
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G(t) = GR,mt
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Zwxk ¦_^_*tawD\l_p¢§?_m S ¦N_.moZ\_luvk}mut\Ds\uvknZ\_p(ko_mp§*¬_*m  ~l_*trmo_BmoZ_.kos\¦ko_mﬁr G cZ\uvqﬃZ(uvkxrjrl
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|{G : S dom. S}| = |    |+ |   |
= |    |+ |φ(   )|
≤ |    |+ |   | = |{G : S ′ dom. S ′}|.
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Ts\_*tq_(rx{u tl¥=_plx_pkrx
x
rDz\_*z_^·tw%moszwx££ i4A{cumoZmZ\_*u zu t\u­mu wx£¢©x_^znmu q*_^k^§
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?_m
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u
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S∗ = [s]
§G°V_ZwX©D_¨mZw%m
 
(∃ \rx]utw%mou t\-ko_m S, |S| = s) ≤
(
t
s
)
 
(S∗ dom. S∗).
?_m
s = dt
moZ_*t (
t
s
)
≤
(
1
dd(1− d)(1−d)
)t
,
wxt
 
(S∗ dom. S∗) = ∏t−1v=s (1− (1− sv )m)
= exp
∑t−1
s log
(
1− (1− sv )m)
= exp(1 + o(1))
∫ t
s+1 log
(
1− (1− sv )m) dv
= exp(1 + o(1)) dt
∫ 1
d x
−2 log (1− (1− x)m) dx.
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exp d
∫ 1
d
x−2 log (1− (1− x)m) dx < 1.
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®rDzQwtjiako_m
S
rx9kou^_
s
moZ_*t 

(S dom. S) ≤   (S∗ dom. S∗) cZ\_*z_ S∗ = [s] = {1, ..., s} §=Kk
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¦N_®rDzo_D¡D._K\rmoZu k.¦ji]7r%©ju t\mZ\_K©D_*zomouvq_pkQr¢mZ\_)lrx]u tw%mut\7kn_*m
S
\r%ctTwzﬃ¢§ﬃr% Z\r%._*©D_*zp¡
u tLmZ\_aq^wxko_cZ\_*z_moZ_*z_(uvk¨w
(v, u)
_plx_D¡Nkow\\u t\-_plx_pk¦N_m}._*_*t~moZ\_a©x_*zomouvq_pk
u, v
q^wtwx£­m_*z
mZ\_\zrx¦wx¦\u £um}i·rmoZ_xzﬃw\Zk^¡lu _x§  
(G) 6=   (φ(G)) ¡9wt"korx]_q*wz_)u kt\_*_pl_^morr%©D_*zﬃqrx]_
mZ\uvk¨\zrx¦£_^]§  t~rxzﬃl_^zmorx_*mKw·\z_^q*u ko_©%w£ s\_(®rxz  
(G)
._(.rxz¶u tLmZ\_akq*wx£_*¥;®z_*_]rll_^£ rx
.rD££ rx¦wDk¨wxtcu rxzﬃ\wxt¬§T=®s\££Q\_^kqzulmurDtrxQmoZ\_7]rll_*£Qq^wt¦N_a®rxs\tVu tf:Ñ.;´§(YZ\_koq^w£ _¥=®zo_^_
]rll_^£?luN_^zkko£ uDZDm£i·®zorD] rxszc\zo_*®_*z_*tTmouvw£¬wmnmﬃwxqﬃZ\]_*tTmT?®s\zo_q*rxji4AB]7rll_^£¬u t"moZwm£rjrxkcwz_
wx££ r%._^¢§a°V_-qrDtkou l_^z)moZ\_-q^wxko_
m = 1
¡?wDkemoZ\_D_*t\_^zwx£ﬁq^wxko_auvk)_^wDknu £ il_*zu ©x_^~®zorD] moZu k^§°V_
ZwX©x_
 
(vt
qﬃZrTrTkn_pk
u) =
l_*
(u, t− 1)
2t− 1
 
(vt
qﬃZ\rjrDko_^k
vt) =
1
2t− 1 ,
cZ_*z_
deg(v, t)
uvkcmZ\_(l_^xz_*_rG©D_*zomo_«
v
wmmoZ__*t"rxQk}m_*
t
§D_\rDzcµ\«l_^
t = n
mZ\_(kq*w£ _¥=®z_*_
]rll_^£Qu k®rxz](s\£vw%m_^²wxkwLqrDtlµDs\zwmou rxtV]7rll_^£Qrxt²mZ\_·_^\x__*t\rDutTmk^¡?£vw¦N_*£ £ _^
1, ..., 2n
§'=
wu zou t\ P rBmoZ\_-_^tlNrxu tTmkl_pkoq*zou ¦N_^kKmoZ\_·ko_mrx._plx_pk*¡?wxt²wt²_^lD_7uvkqrD]\£_*mo_pVwm(k}m_* k
u tLmZ\_(£ ut_^wzKrxzﬃl_*z
1, ..., 2n
u­GmZ\_7£ wxzoD_*zNrxu tTmKu tLmoZ\_awu zut\u k
k
§ +eu ©x_^tw-Nrxu tDm
k
¡NmoZ\_a£_*Ém
wzomouvw£?wu zou t\ L u k¨moZ_awxznmu wx£?wxuzu t\·rxt 1, ..., k ¡mZ\_(zu xZTmKwxznmu wx£?wxuzu t\ R uvkmZ\_7wzomouvw£
wu zou t\7rxt
k + 1, ..., 2n
¦NrmZrxcZu qﬃZ]-wXi·ZwX©x_)korx]_qrx]\£ _m_^_^lD_^k^§>=¯®s\znmZ\_*z¨]wmqﬃZ\u t\
rx s\twu zo_pNrxu tTmkc¦N_m}._*_^tmZ\_wxznmu wx£¢wu zou t\Tk.q*rx]\£ _m_^k P §{gj_^_:Ñ<;?®rxzc]rxz_l_mﬃwu £;§
=Kk7sknsw£c£ _m
i′(x), x = u, v
¦N_mZ\_j?®]rlluµ_^HAau tl¥Øl_*Dzo_^_ ?Çrxz-wxkknrlq*u wmo_^ kn_*mrx¨u tl¥=_plx_pkhA(r
©D_*zomo_*«
x
§YZjsk
i′(x)
uvkcmZ\_u tl¥´\_*xz_*__*«\q_*\mmoZwm
i′(u)
lrj_^ktrm¨u tq£ sl_(moZ\_(_^lD_
(v, u)
uQu­m
_*«lu knmk^§#?_m
i′(u) = a1, i′(v) = a2
§cYZjskcmZ\_u tl¥´\_*xz_*_rx
u
u k
a1 + 1
u­
(v, u)
_«luvk}mﬃk¨wxt
a1
u
trm^§!?_m
G(a1, a2)
¦N_KwDzwx\Z-cu­mZ-moZ_^ko_¨u tl¥´\_*xz_*_pkQw%m
u, v
z_^ko_pq¤mou ©x_^£iD§Y r(kwX©x_crDt·t\rmﬃw%murDt
._¨£ _m
ai
¦_KmoZ_K]as\£­mu­¥Øko_mcr \u knmou t\xsu koZ\_^ut\¥=_plx_pkBwDk{._*£ £¢wxk{moZ\_ko_mcknu *_D§°²zu­mut\
G(a2, a1)
]_pwtk(moZ\_u tl¥=_plx_pkrx
u, v
rxmoZ\_^z(mZwt
(v, u)
ZwX©D_¦N_*_*t knw\N_^¬¡Qwt
φ(G(a1, a2))
]_pwtk
mZ\_rxslmo¥=_plx_pk¨rxmoZ\_^zemoZwxt
(v, u)
wtVumkqrDzoz_^koNrxtlu t\·£vw¦N_*£ £ _^V_^lD_R?Çk3Aew%m
u
ZwX©x_w£vknr¦N_*_*t
kow\N_^¢§°²_Ksko_
a1 + a2
®rxzkn_*m.st\urDt¬¡j\z_^ko_*z©Tu t\]as\£mou \£uvqum}ix§GYZ\_e]_^wxt\ut(cu ££¢w£ wXijk{¦_
q*£_pwz.®zrx]/mZ\_qrDtDm_«jm^§
?_m
u = xk
¦_amoZ\_
k
¥=moZ~©D_*zomo_*«9¡Nwtknr
v = xk+1
§)gjs\rTkn_(moZwm
xk
moZ_
k
¥=moZ~zu xZTmK_^tlNrxu tDm
Zwxk£vw¦N_*£
2k + s+ a1 + 1
wxtmoZ\_
(k + 1)
¥=moZ"zuDZDm_*tlrDutTmZwDk£ wx¦_^£
2(k + 1) + s+ a1 + a2
u tmoZ_·£u t\_pwzrDzl_^z^§

moZ\_^zo_u k(t\r~_^\x_
(v, u)
£ _m(mZ\_
(k − 1) ¥=moZ zuDZTm_*tlNrxu tTm(ZwX©D_-£ wx¦_^£
2(k− 1) + s+ 2 wxt·u?mZ\_*z_Kuvkw (v, u) _^lD_K£ _mumZwX©x_¨£vw¦N_*£ 2(k− 1) + s+ 1 §GYZTskB©D_*zomo_*« u
Zwxkcu tl¥Øl_*Dzo_^_
a1
u t"moZ_µzﬃk}m¨q^wxko_wt
a1 + 1
ut"mZ\_(ko_^qrDt"q*wDkn_D§

tL_*umoZ_*z¨q^wxko_©x_*zomo_*«
v
Zwxk
u tl¥Øl_*Dzo_^_
a2
wxt·mZ\_*z_wz_
s
s\tl¥´wxuz_^£ wx¦_^£ kcu tmoZ\_£ _Émwzomouvw£¢wxuzutarx©D_*zomo_«
xk−1
§
_rxz
t
_^©x_*t?¡%£_*m
Φ(t)
\_*t\rxmo_BmoZ\_tjs\](¦N_*zﬁrxwxuzutDk r
t
rDutTmk^¡wtmZTsk
Φ(t) = t!/((t/2)!2t/2)
§
°²_ q*wxt>czu­m_²lr%ct>moZ\_\zrx¦w¦\u £um}i ramoZ\_xzﬃwZ
G(a1, a2)
ut±moZ_Vm}.r q*wxko_^kwxk®rD££ r%kQ

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(G(a1, a2)) = FLFR,L/Φ(2n)
cZ\_*z_
FL
u k(moZ\_tjs\](¦N_*z7rK£_*Ém7wxznmu wx£{wxuzu t\Dk(r
2(k +
1) + s+ a1 + a2
£vw¦N_*£vk¨wxt
FR,L
uvkcmoZ_(uvkcmoZ_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2n− (2(k + 1) + s+ a1 + a2) £ wx¦_^£ k^§  t_*umoZ\_^z¨q*wDkn_
FR,L =
(
2n− (2(k + 1) + s+ a1 + a2)
s+ a1 + a2
)
(s+ a1 + a2)!Φ(2(n− ((k+ 1) + s+ a1 + a2))). ? C.A
 moZ_*z_euvkct\r
(v, u)
_^\x_emoZ\_^t
FL = (2k + s− 1)(2k + s− 2)(2k + s− 3)
(
2k + s− 4
s
)
Φ(2(k − 2)), ?;RA
wxtu­moZ\_^zo_uvkcw
(v, u)
_^lD_KmZ\_*t
FL = (2k + s− 2)(2k + s− 3)(a1 + 1)
(
2k + s− 4
s
)
Φ(2(k − 2)). ?I5A
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xk−1, xk = u
qrD]7£_*mou t\~w"wu zut\~wxtVmoZ\_·moZ\u z
uvk¨®rxz
xk+1 = v
§°²_(mZ\_*t²qﬃZ\rjrDko_
s
Nrxu tDmﬃk®rDzemoZ\_7£_*Émn¥´zou xZTmewu zou t\wtwu z¨mZ\_7zo_^]wxutut\
Nrxu tTmkrDtmZ\_)£_*Ém^§
_zorD]/moZ_w¦Nr%©x_)_«l\z_^kknu rxtkB._kn_^_)moZwmu­moZ_*z_u kctr7_plx_
(v, u)
u t
G
mZ\_*tL_*«jzo_pkokourDtka? C<A¤¡
?=NA.wz_)s\tqﬃZwxt\x_prDtkow\\u t\wt 
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(G) =


(φ(G))
§

moZ\_^zo_uvkcwt_^\x_
(v, u)
moZ\_^t

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(G(a1, a2)) = c(a1 + 1)
?IXA


(φ(G(a1, a2))) =


(G(a2, a1)) = c(a2 + 1)
?=NA
cZ_*z_
c
uvkxu ©x_*tªwx¦r%©D_x§°V_kn_^_~mZw%m"u­
a2 < a1
._Vq*wxt\t\rxmsko_~mZ\_Vswz\zorjrxcu­mZ\rxslm
]rlluµq*wmou rxt¬§
_^q*wx££mZw%m  ¯uvkmZ\_~kn_*m·r)xzﬃw\ZkcZ\u qﬃZ wxzo_"xrjrl ®rxz
S
?
S
lrD]utwmo_pk
S
A¦\slm¦wx ®rxz
S′ = S + u − v ? S′ \rT_pkt\rxmalrD]7u twmo_ S′ A¤§bKs\z(wx\\zrDwDqﬃZVuvkmr~wzomoumou rxt   u tDmrko_mk C
cZu qﬃZZwX©x_emZ\_\zrxN_*zom}i 
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(C) ≤   (φ(C)) §  tzo_^wzﬃw%murDt·®rxzmZ\uvkcB_)t\rxmo_RQ
?_m
σ = dn/ logne ¡\£_*m
BI = {G : ∃i ≥ σ kosqﬃZmZw%m G Zwxkcwmc£_pwxknm7_plx_pk (xi+1, xi)}
BII = {G : ∃j > i ≥ σ knsqﬃZmZw%m G Zwxkcwxt_plx_ (xi+1, xi) wxt"w%mc£ _^wxknm¨a_^lD_^k (xj , xi+1)}.
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(S dom. S) ≤   (S ∪ [σ] dom. S \ [σ]).
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?_m
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Bu =
  ∩ (BI ∪ BII),
wxt£_*m
Cu = {G ∈   : tr-_^lD_ (v, u)}.
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A
uvkQkou]\£ uµ_^¦ji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mr-qrxtknuvl_*zp§
_rxz
G(a1, a2) ∈ A B_)l_*µt\_emoZ\_]u t\u ]wx£¢xzﬃw\Z G(α1, α2) r G wxkB®rx£ £ r%kQ!¬_*m a2 = α2 + β2
cZ_*z_V_^©x_*zi _^lD_rx
α2
uvkt\_^q*_^kkowxzoi ®rxz
S
mor lrx]u tw%m_
S
ut
G
§³YZjsku­
e ∈ α2 mZ\_*t
G(a1, α2 − e) lrj_pk¨t\rxmKkw%mouvkn®i S \rx]utw%mo_pk S ¡9¦\slm G(a1, α2) lrj_^k^§  mKuvk Ts\umo_arTkokou¦£_mZw%m
α2 = ∅ _*§rDt\£ i-rxslm (v) lrD]7u twmo_^kkorx]_mZ\u t\(rDz v lrD]7u twmo_^kBumko_*£}§ ¬_m α1 = a1 + β2 §!)Q©x_^zoi
G(a1, a2)
Zwxkcwm£_pwxknmrDt\_)]ut\u ]-w£¬Dzwx\Z¬§ﬁ°²_)®rxz]/moZ\_ko_m
G(a1, a2) = {G(α1 − I, α2 + I) : I ⊆ α1}.
YZjsk
G(a1, a2) = {G(α1, α2), ..., G(a1, a2), ..., G(∅, α1 + α2)} §G°²_q£vwu ]/moZwm
?®uﬀA +eu©D_*t
G(a1, a2) ∈ A moZ\_^t G(α1, α2) u ks\t\u Ds_x§
?ÇuuﬀA
G(a1, a2) ⊆ A §
?®u uuﬀA


G(a, b), G(a′, b′)
wxzo_luvk}mutq¤m]utu]-w£?xzﬃw\ZkBmZ\_*t
G(a, b) ∩G(a′, b′) = ∅.
?Çu©4AYZ\_ko_mk
G(α1, α2)
wxznmu­murDt
A
§
?_m
G(a1, a2)
ZwX©x_.m}Br)luvk}mutq¤m{]u t\u]-wx£lxzﬃw\Zk
G(α1, α2), G(α
′
1, α
′
2)
wxtmZjsk
α2 6= ∅ § =¨k α2
uvkB]7u t\u ]-w£moZ\_^zo_Ku k.knrD]_¨_^\x_
e = (x, v) ∈ α2 kosqﬃZmoZwm v uvkQmZ\_KrDt\£ ia©D_*zomo_«r S \rx]utw%mou t\
x
§YZjsk
α′2
](sk}mawx£ kor"ZwX©x_-wxtV_plx_
e′ = (x, v)
®rDz
v
mor~\rx]utw%mo_
x
§YZ\_-_^©x_^tDm
BII
mZw%m
(v, u)
_«lu knmkKwtmZw%m)luvk}mutqmKwxzwx££ _*£?_^lD_^k
e, e′
mor
v
wx£ kor-_«luvk}m¨Zwxk¦N_*_^t~_«\q*£s\_^®zrx]
A
¡
kor
α′2 = α2
§
°²_-t\_*«Tm\zr%©x_amoZw%mu
G(a1, a2) ∈ A mZ\_*t G(α1, α2) ∈ A §'=Kk G(a1, a2) ∈   moZ_*z_7_*«lu knmk
w©x_^znm_«
x
s\t\u Ds_*£ i~lrx]u tw%m_^L¦ji
v
§(gjs\\NrDko_
x > v
knrmoZw%m
α2 6= ∅ wxtLmZw%m a1 lrj_^ket\rm
u tq*£s\_wxt_^lD_(®zrx]
x
§'=£vknr
β2 = a2 − α2 lrj_^k)t\rxmutq*£sl_·wt²_^lD_7®zorD] x wxkemZ\_*z_-wz_
tr-wzﬃw£ £_^£¬_^\x_^k^§BYZjskmoZ\_^zo_uvktr·_^lD_)®zorD]
x
ut
α1 = a1 + β2
¡kor
S′ = S − v + u q^wt\trm
\rx]utw%mo_
x
wxt
G(α1, α2)
u k¦wD®rxz
S′
§
YZ_ez_^knmcrmoZ\_q*£ wxu]-k.®rD££ r%>u tLw7kou ]7u £vwzc]-wt\t_*zp§ _u tw£ £ i·B_q*£ wxu] moZwm


(G(α1, α2)) ≤   (φ(G(α1, α2))). ?;RA
Õ Õ
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
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ﬃ¨rm_moZw%m  
(φ(G(b1, b2))) =
 
(G(b2, b1))
wxkmoZ\_7rxslmo¥=_plx_aknwk¨r
u, v
wz_]_^wxkos\z_\z_¥
ko_*z©jut ?Çko_*_ ? C.A¡ ?=NA A§  mLw£vkor ®rx£ £r%k·®zorD] ? C.A¡ ?=NAmZw%m"umoZ\_^zo_Vu kt\r
(v, u)
_^\x_LmZ\_*t
 
(G(b1, b2)) =
 
(G(b2, b1))
§  moZ\_^zo_)uvkcw
(v, u)
_^lD_KmZ\_*t®zrx] ?)5RA¡g?ﬂXA¤¡J?;RA
 
(G(b1, b2)) = c(b1 + 1),
 
(G(b2, b1)) = c(b2 + 1).
=Kk
G(α1, α2) = {G(α1, α2), ..., G(α1 − I, α2 + I), ..., G(∅, α1 + α2)} ¡\B_)ZwX©D_
 
(G(α1, α2)) = c
α1∑
j=0
(
α1
j
)
(j + 1)
= c
(
2α1 + α12
α1−1) ,
cZ_*z_^wxk
φ(G(α1, α2))
ZwDk?mZ\_kowx]7_B\zrx¦wx¦\u£ um}i)wDk {G(α2, α1), ..., G(α2+I, α1−I), ..., G(α1+
α2, ∅)} ¡\wtmoZjsk
 
(φ(G(α1, α2))) = c
α1∑
j=0
(
α1
j
)
(α2 + α1 − j + 1)
= c
(
(α1 + α2 + 1)2
α1 − α12α1−1
)
.
YZjsk


(φ(G(α1, α2)))−   (G(α1, α2)) = cα22α1 ≥ 0
wDkzo_ Ts\uz_^¦ji ?ÇA¤§
_u tw£ £ i·B_e_«l\£vwu tmoZ\_)x_^t\_*zﬃw£ u ^w%murDt·r?moZ\uvkc\zrjr¬mrkq*wx£_*¥;®z_*_Kxzﬃw\ZkBrx?rxs\mn¥Øl_*Dzo_^_
m ≥ 2 §
YZ_koq^w£ _¥=®zo_^_e]rll_^£¢moz_^wmk©x_^znm_«
x
wxkwko_Ts\_*tq_
(x(1), ..., x(m))
rxﬁkos\¦l¥´©x_^znmu q*_^krxﬁl_^xz_*_
Cewzu kou t\®zrx]
m
qrDtko_^qs\mou ©x_¨zu xZTmB_^tlNrxu tDmﬃk.r?_plx_pk{u tmZ\_e£u t\_^wxzrxzﬃl_*z
1, ..., 2mn
§¬_*mmoZ\_
(v, u)
_plx_cu t Ds_^knmou rxt¦_
ei = (v(i), u(j))
§ﬁ°²_knw7moZ_c_^lD_^kGrx
v(i)
wt
u(j)
_«\q*_*lm
ei
wt
mZ\_qrDzoz_^koNrxtlu t\7rxslmo¥=_plx_
fj
r
u(j)
§{YZ_rmoZ_*z¨kos\¦l¥´©x_^znmu q*_^kcwz_)wu z_^qilq£ u q^w£ £i
v(i+ k)
cumoZ
u(j + k)
®rxzkow\\u t\§
?_m
GS = {Gmt }
¦N_amoZ\_-kowxq*_(rkoq^w£ _¥=®zo_^_xzﬃwZk¨rx{rxs\mn¥Øl_*Dzo_^_
m
§aYZ\_7kowDq_
GS
uvke©x_^zoi
q*£rTkn_¨mor(moZ\_)knwxq_Kr¬\z_®_^zo_^tTmouvw£9w%mnmﬃwxqﬃZ\]_^tDma?®\szo_eqrxji4AGzorlq_pkoko_^k
GC = {GC,mt }
l_^kqzu ¦_p
u t·mZ\uvkBwN_*zp§

t_*umoZ\_^zB]rll_^£;¡jrxtwx\\u­murDtr¢mZ\_erxslmo¥=_plx_pk
ej , j = 1, ...,m
rx?©x_^znm_«
vt
¡jmoZ\_
m_*z]utwx£9©x_*zomo_*«-®rxz.moZ_e_plx_
ej
uvkcqﬃZ\rDko_*t·¦jiko_*£ _^qmou t\w(zﬃwt\rx]/_*tj¥=Nrxu tTm.rxwazwxtlrD] _plx_
u t"wal_pknu xtw%mo_pko_mp§

tmoZ_)kq*wx£_*¥;®z_*_e]rll_*£¢w£ £¢_«luvk}muta_plx_pk.wxt·Zw£ _^\x_^kwxzo_eutq£ sl_^u t
mZ\_qﬃZ\rxuvq_D§

t~mZ\_\zo_*®_*z_*tTmouvw£ﬁw%momwDqﬃZ\]_*tTm[?Ç\s\z_7q*rxji4A]rll_^£rDt\£ iLrxslmo¥=_plx_pk¨rx{\z_*©jurDsko£i
wD\l_p©D_*zomouvq_^k
v1, ..., vt−1
wz_)utq*£sl_^¢§QYZjsku tmoZ\_kq*wx£_*¥;®z_*_e]rll_*£


(ej
qﬃZrTrTkn_pkB®zorD]rxslm
(v1, ..., vt−1)) =
2m(t− 1)
2m(t− 1) + 2(j − 1) + 1 j = 1, ...,m.
YZjsk.u t·mZ\_koq^w£ _¥=®zo_^_¨]rll_*£NmoZ_)kos\¦ko_m
C
rx?\z_®_^zo_^tDmu wx£NwmnmﬃwxqﬃZ\]_*tTmxzﬃw\Zk
GC
ZwxkB\zorD¦w%¥
¦u£ u­m}i


(C) ≥
t∏
s=2
(
1− 1
s− 1
)m
= Ω(t−m),
ßÕ¬ßÉü
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wxtq*rxt\u­murDtw£\zrx¦wx¦\u£ um}irx{xzﬃwZk¨u t
C
u kKmZ\_7q*rxzzo_pq¤me]7_pwxkos\z_®rxz
GC
§YZ\__«luvk}m_*tTmouvw£
£ r%._*z¨¦Nrxst\k[?Çl_^zou ©x_p~¦N_*£ r%$Ac®rDzemoZ\_kn]-wx££ _^knm)\rx]utw%mou t\kn_*meu tmZ\_koq^w£ _¥=®zo_^_(]rll_*£ﬁZwX©D_
zorD¦w¦\u £ u­m}i-rx mZ\_)®rxz]
 
(
mZ\_*z__«luvk}mﬃkcwlrx]u tw%mut\-ko_m
S
rGknu *_ |S| ≤ dt) = O(ct),
®rDz
c < 1
qrDtknmwtTmp§°²_)qrxtq£ sl_mZ\_ezo_pkns\£mkwxzo_©%wx£uv-®rDzBmZ\_e\zo_*®_*z_*tTmouvw£Nw%momwxqﬃZ]7_^tTm.]rll_*£=§
?_m
S∗ = [dt]
mZ\_*t
 
(S∗ dom. S∗) ≤
n∏
v=dn+1
(
1−
(
1−
\_*
(S∗, v − 1)
2m(v − 1)
)m)
,
wxtl_*
(S∗, v) = 2mdt(v/dt)1/2(1 + o(1))
w£ ]rDknmkns\z_*£ i-®rDz
d > 0
qrDtknmwtTmT?Çko_*_[:Ñ<;ﬂA¤§QYZjsk
 
(S∗ dom. S∗) = exp
t∑
dt+1
log(1− (1− (dt/v)1/2(1 + o(1)))m).
?_m
x = (dt/v)1/2
§B`BZ\rjrDkou t\
d
knsqﬃZmZw%m
1
dd(1− d)1−d exp 2d
∫ 1
√
d
x−3 log(1− (1− x)m) dx < 1
Du©D_^kBmoZ_zo_ Dsuz_^£r%._*z¦Nrxs\t¢§PQw£ s\_^krx
(m, d)
wxzo_exu ©x_^tu tmoZ\_)mﬃw¦\£ _x§
2
 
#
cc
_rxz
m = 1
mZ\_xzﬃw\Z zorlq_pkoko_^k(s\tl_^z-qrxtknuvl_*zﬃw%murDt x_^t\_*zﬃw%m_wq*rxt\t_^q¤m_^ xzﬃw\Z cumoZrxslm
q*ilq£ _^k^§)gjsqﬃZk}mzosq¤moszwx£ \zrxN_*zom}i"q*wtV¦_7_«l\£ rxumo_p"morrx¦lmﬃwu tu ]\zor%©D_^"£ r%B_^z¨¦Nrxs\t\k¨rDt
γ1
§
° umoZrxslm£rTkok{r¬D_*t\_^zwx£um}ix¡Twtjia©D_*zomo_*«7u tkosqﬃZ-xzﬃwZkGmZw%m.Zwxk.w%m.£_pwxknm{rxt\_Kt\_*u xZj¦Nrxs\z
u ∈ V1
]asknme¦N_wzomerx.w]ut\u ](s] knu *_lrD]7u twmou t\ko_mp§(YZ\_tjs\](¦N_*z)rxBknsqﬃZ©x_^znmu q*_^keuvkKzo_pquvkn_^£i
t−|V1|−|I | cZ\_^zo_ |I | uvkmoZ\_tjs\](¦N_*zGrx©x_^znmu q*_^k moZw%mGZwX©x_.t\ret\_*u xZj¦Nrxs\zﬁu t V1 §YZ\_cq^wzﬃlutw£ u­m}i
rx
I
q*wxt-¦_¨_^knmou ]wmo_p-ut-¦NrmZ·]rll_*£vkQ©juvw)_*umoZ\_^zBw]-wzomou t\Tw£ _wzxs\]_*tTm{kou]u £ wxzGmormoZ\rTkn_skn_p
u t\z_*©jurDskko_^qmou rxtk)rDzmoZ\zrxsxZVmoZ\_-m_^qﬃZ\tuﬁTs\_-_*«j£rDu­m_^²ut : b;{morL_^knmou ]-w%m_ |Vi| §YZ\_·£ r%B_^z
¦Nrxst\ku t"Yw¦£_OCe®rxz
m = 1
qrx]_)®zrx]/mZ\uvkwzxs\]_^tDmp§
°²__^tmoZ\uvk)gj_^qmou rxtLz_*Nrxzomou t\-rxtLkorx]_(kou]\£ __*]\u zu q^w£¬z_^kos\£mkcZu qﬃZLZ\_^£Lslm¨mZ\_]-w%mZ\_¥
]-wmouvq*w£wtwx£ilkou kﬁN_*zo®rxz]_^knr)ÇwxzQu tDmrqrDtDm_«jm^§

m{uvkQ._*£ £\¶jt\r%ctB: .;moZw%m{]u t\u]as\] knu *_lrD]u­¥
tw%mou t\)kn_*mkGq^wt7¦_.®rxst(_E·qu _*tTmo£ iu t(mzo_^_^k^§ °²_u]\£ _*]_*tTm_^-`Brjqﬃ¶%wXijt\_._mQw£& kwx£Drxzu­mZ\] wt
m_^knmo_pumkcN_*zo®rxz]-wtq*_x§>_\rDzclu 9_*z_*tTm©%w£ s\_pkr
t
¡B_)z_*N_^w%m_^l£ i-zﬃwtmoZ\_)m}.raDzwx\Z\zorlq*_^kkn_pk
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Yw¦\£ _aXHQ]= ©x_*zﬃwD_¨©%w£ s\_pkrx¦lmﬃwu t\_^r%©x_^z*CpŁxŁDŁ(_*«jN_*zu ]7_^tTmk.®rxzc_pwxqﬃZ©%w£ s\_)r
t
§
t γ1(G
R
1,t)/t γ1(G
C
1,t)/t
C^ŁDŁxŁDŁ 5 XTl§ ŁDN5 xKX5\§WCp 
ŁDŁxŁDŁ <Xbx\§ 5 NbNb j§ 5xŁ4C
5xŁDŁxŁDŁ CNCXK5N5§ Rb bRbDx\§ÑKbNb
XDŁDŁxŁDŁ CXTNbxŁ§ 5RbKX CRC l§WCx
ŁDŁxŁDŁ Ccb x\§ XRXRb CcX CX§ Ł K5
. . .
C^ŁDŁxŁDŁxŁ 5 XTCD§ xŁN5HCp xKXjX§ÑCp
s·moramou ]_
t
¡\wt·moZ\_^twx\\£ u_p-moZ_KrDlmou ]-w£¢w£ xrDzoumoZ\] ]_*tTmurDt\_^w¦Nr%©x_D§Yw¦\£ _*X(z_*NrxzomkBmoZ\_
wX©D_*zﬃwD_Q©%w£ s\_^kﬁ._rx¦lmﬃwu t\_^¢§ﬁYZ\_£ _^wxknmQkTswxzo_w\zorX«lu ]-w%mou rxt(£u t\_^kﬁr%©D_*zmoZ_B®s££ko_mGrx9\wmwKB_
q*rx£ £_pq¤m_^wz_?;qrj_"E·qu _*tTmﬃkzorDs\tl_p·mramZ\_knu«jmoZLl_pqu ]wx£¢\£vwxq_<A
y = 0.374509x− 0.214185 ®rDz
mZ\_zﬃwtlrD]xzﬃwZq^wxko_x¡wxt
y = 0.294294x+ 0.32284
®rxzmoZ\_\szo_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